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Chemical mass balance equations for open-system
magma chamber processes under equilibrium
crystallization conditions

. ES
Koshi NistHMURA

Abstract

A mass balance model is developed to describe the behavior of trace elements and
isotopes during open-system magma chamber processes under equilibrium
crystallization conditions. The model incorporates the effects of melt influx (recharge or
mixing), equilibrium crystallization, magma extraction, assimilation of anatectic wall-
rock melt, and partial settling of crystals. The analytical solution of the mass-balance
differential equations gives a quantitative account of the evolution of trace elements and
isotopes. The chemical trends of the magma differ markedly from those predicted by a
recently developed open-system magma chamber model under disequilibrium
crystallization (crystal zoning) conditions. These two end-member models provide the
upper and lower limits for the compositional variations expected during open-system

magma chamber processes under natural conditions.

Keywords: open-system magmatic process, geochemical modeling, crystal isotope

stratigraphy, Sr isotopes, mamga chamber

1. Introduction

Recent remarkable advances in micro-analytical techniques have revealed that
isotopic variations recorded from core to rim of a single mineral grain reflect
progressive changes in the composition of the liquid from which the mineral crystallized
(e.g., Feldstein et al, 1994; Davidson and Tepley, 1997; Davidson et al, 1998, 2001, 2007;
Knesel et al., 1999; Tepley et al., 1999, 2000; Waight et al., 2000; Ramos et al., 2005;
Charlier et al, 2006, 2008). Consequently, isotope ratios of the liquid and of integrated
(bulk) crystals are inevitably different in an open-system magma chamber. Nishimura

(2019) recently developed a geochemical model that describes the chemical zoning of
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crystals in an open-system magma chamber, assuming that each increment of crystal
growth perfectly seals off the previous zone and prevents it from re-equilibrating with
the evolving liquid. However, chemical gradients that define crystal zoning are rarely
perfectly stable, and they tend to destabilize due to the kinetic process of diffusion (e.g.,
Costa et al., 2003, 2010; Saunders et al,, 2010; Druitt et al.,, 2012; Moore et al., 2014; Till et
al., 2015; Singer et al., 2016). This study seeks to develop a mass balance model for
perfect equilibrium crystallization in an open-system magma chamber as a model
representing an end-member scenario to complement the model proposed by Nishimura
(2019).

Homogeneous Zoned crystal Magma extraction M
crystal (model (model of
of this study) Nishimura 2019)

Assimilation of anatectic

all-rock melt Ma

Cumulate pile

Melt influx Mi

Fig. 1 : Schematic illustration of an open-system magma chamber model incorporat-
ing the effects of simultaneous melt influx (subscript i’ in the figure) (recharge or
mixing), equilibrium crystallization, magma extraction (e), assimilation (a), and the

partial settling (s) of crystals. M = Mass; subscripts indicate the applicable process.

2. Model

This study develops a geochemical model for equilibrium crystallization in an open-
system magma chamber, following the method of Nishimura (2019). Figure 1 is a
schematic illustration of open-system magma chamber processes, including melt influx

(recharge or mixing), the growth of homogeneous crystals, magma extraction,
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assimilation of anatectic wall-rock melt, and partial settling of crystals. Crystals are
assumed to be homogeneously distributed by vigorous convection in a magma chamber.
The extracted (erupted) magma is therefore composed of liquid and suspended crystals.
The crystals are partially segregated from the magma body to the cumulate pile at the
base of the magma chamber due to gravity, even if the convective velocity is much
greater than the crystal settling velocity (Martin and Nokes, 1988). The mass balance
differential equations for an element’s concentration and its isotopic ratio in the magma

can be respectively expressed as

. . . . dM,, dCp, (1)
MaCa + MLCL' - MSDCl - MeCm = me‘l' me )

. . . . dM dc de

M,Coeq + M,Cig; — MsDCrg, — MoCppey = Cmsmd—tm + Mmsmd—tm + CmMmd—;" , (2)

where Md is the mass assimilation rate (mass/unit time), C, is the element’'s concentra-
tion in the melt (liquid) derived from wall-rock melting, M is the mass influx rate (mass/
unit time), C; is the element’s concentration in the injected liquid, D is the bulk crystal/
liquid partition coefficient for the element, C, is the element’s concentration in the liquid
in the magma chamber, Me is the mass extraction rate (mass/unit time), ¢ is the weight
fraction of the suspended crystals in the magma chamber relative to the total mass of
magma, M, is the mass of the liquid in the magma chamber, ¢, is the isotope ratio of
the wall-rock, ¢, is the isotope ratio of the injected liquid, ¢l is the isotope ratio of the
liquid in the magma chamber, and M is the rate of gravitational separation of crystals
from magma (mass/unit time) (see Table 1). Fractional crystallization due to gravita-
tional crystal settling is imperfect if a certain proportion of crystals is suspended for a
duration that is sufficient to enable re-equilibration with the surrounding liquid (Fig. 1).
This case is based on the assumption that equilibrium is always maintained between
the liquid and the suspended crystals. The trace element concentration in the liquid can

therefore be expressed as follows:

Cin
-——m 3
G=1= ¢+ ¢D (3)

The isotopic ratio in the crystallizing phases is assumed to always be the same as that
of the magma. Incorporating Eq. (3) into Egs. (1) and (2), the mass balance differential
equations for an element’s concentration in a magma and the isotopic ratio of that mag-
ma can be respectively rewritten as

dM,, dCp,

7+M =0 (4)

M,Cy + M,C; — M{D*Cyy — MyCpy = Cpy m

and
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dM,, dCp, dey,
_dt + Mpem _dt + CnM,, 7,

(5)

MaCaea + MlCL-si - MSD*Cmsm - MeCmem =1CneEm

where D* is the effective distribution coefficient (O'Hara, 1993; O'Hara and Fry, 1996;
Nishimura, 2009), which can be expressed as

pr=—>
T1-¢+¢D’ (6)

DePaolo (1981) defined the constant ratio of the rate of assimilation to the rate of
crystal separation (ra=Ma/M) in order to analytically solve the differential equations for
simultaneous assimilation and fractional crystallization (AFC). Similarly, this study
defines the constant ratio of the rate of liquid influx to the rate of crystal separation
(ri=]l‘4l-/]l‘4s) and that of the rate of magma (liquid + suspended crystals) extraction to the
rate of crystal separation (rfM/M). It should be noted that the ratios 7,, 7;, and 7, can
vary during the open-system evolution of a magma body; e.g., Bohrson and Spera (2001)
reported temporal variations in ra. However, these constant ratios could be used for
approximation, at least for a short crystallization period, and could be estimated from
the variation trends of trace elements and isotopes, as was done for the AFC model (e.g.,
Powell, 1984; Mantovani and Hawkesworth, 1990; Young et al, 1992; Aitcheson and
Forrest, 1994; Roberts and Clemens, 1995; Caffe et al, 2002). The instantaneous rate of
change in the mass of a magma body, affected simultaneously by assimilation, liquid
magma influx, magma (liquid + suspended crystals) extraction, and gravitational

separation of crystals, is given as

dM,y,

Sy . —1)M 7
dt (Ta + TL Te 1)MS ’ ( )

where M, is the mass of the magma body. When 7, +7»,- 7, =1 (ie, Ma + M = M + Zl'/[g),
added material (assimilant + injected liquid) is balanced by an equivalent mass of sub-
tracted material (gravitationally segregated crystals + extracted magma), meaning that
the magma mass remains constant. The analytical solutions to the system of differential
equations (Egs. 3 and 4) for an element can be separated conveniently into two cases:
one for 7, + 7, - r, # 1, and another for », + 7, - », = 1. Assuming that ¢, D, C, ¢, C,
and ¢; are constant, the solutions can be written as follows:

For r,+r,-7», # 1 (general case),

Cm =J/k +(CS—j/l)ET, (8)

and
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L+ (KCRhey — DE, " (9)
 jH®KE) - DR

Em

where Clo is the initial concentration of the element in the liquid, & ,0 is the initial iso-
tope ratio of the liquid, Cxo is the initial concentration of the element in the suspended
crystals, sxa is the initial isotope ratio of the suspended crystals, F), is the ratio of mag-

ma mass to the initial magma mass (¥, EMm/Mmo ), and

S TaCa+riCi
L rp— (10)

Dt 4 (11)

Rl EEN] ’

TaCaSa +TiCi£i
“htn-rn-1" (12)
For ratri—re=1,
Ms
Cr =+ e (8- 2), (13)
and o e o
Em = I:; +e Mm (C%S& —Z)] /Cm N (14)
where ~
M, = f M, dt,
g (15)
m =1,C, +1,C;, (16)
n=D"+r,, 17)
and

0 =1,Cq¢, + 17Ci€; . (18)
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Table 1 : Symbols used in the formulation

Symbol Description Unit
Mu Rate of assimilation of anatectic wall-rock melt kgs
M‘_ Rate of liquid influx (recharge or mixing) kgs'
ME Rate of magma extraction kgs'
M . Rate of crystal separation from magma by gravitational settling kgs'
r, Ratio of rate of assimilation to rate of crystal separation
r Ratio of rate of liquid influx to rate of crystal separation
7 Ratio of rate of magma extraction to rate of crystal separation
M, Mass of liquid in magma body kg
M, Mass of magma (liquid + suspended crystals) kg
M. Mass of initial magma kg
M, Total mass of crystals separated from the magma by gravitational settling kg
1) Weight fraction of suspended crystals relative to total magma mass
F, Ratio of magma mass to initial magma mass
C, Trace element concentration of anatectic melt (assimilant) ppmw
C Trace element concentration of injected liquid ppmw
C, Trace element concentration of liquid in magma body ppmw
C, Trace element concentration of magma ppmw
C,‘; Trace element concentration of initial magma ppmw
D Bulk crystal/liquid partition coefficient ppmw
£, Isotope ratio of anatectic wall-rock melt
£ Isotope ratio of injected liquid
g Isotope ratio of liquid in magma body
€, Isotope ratio of magma
531 Isotope ratio of initial magma

j—o Constants defined in Eqs. 10-12 and 16-18

3. Results

Figures 2-9 present examples of the evolution of the trace element concentration
and isotope ratio (87Sr/865r) of the liquid, total suspended crystals, magma (whole rock),
and crystal rims for several values of 7,, 7; 7,, and D. The results in the case of crystal
zoning (Nishimura, 2019) are also shown for comparison (left panels in Figs. 2-9). The
weight fraction of suspended crystals (¢) is assumed to be 0.2 for all cases. Under the
assumption of constant ¢, an increment of crystals greater than ¢ is separated from
convecting magma to the cumulate pile throughout the crystallization process. The
crystals being separated are assumed to have the same composition as those remaining
in suspension. The relative trace element concentration of the anatectic wall-rock melt,
normalized by that of the initial magma C,/ CW?, is assumed to be 0.25 for all cases. For
simplicity, the recharged magma is assumed to have the same composition as the origi-

nal unfractionated magma. The proportion of magma mass remaining (¥,) for », + r, -
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7, < 1 decreases as the open-system process proceeds (Figs. 2 and 3), whereas F,, for
7, + 7, -7, > 1 increases as the process proceeds (Figs. 4 and 5). This is because
when 7, +7, -7, < 1 (e, Ma + M < M + Me), the mass of added material (assimilant
+ injected liquid) is smaller than the mass of subtracted material (gravitationally sepa-
rated crystals + extracted magma), meaning that the magma mass decreases, and when
v, +r,-r,> 1 (e, Ma + M > MS + Me), the mass of added material is greater than the
mass of subtracted material, so the magma mass increases.

For the cases of both homogeneous and zoned crystals, and for a given compatible
trace element (e.g., D = 10), the evolution paths of the bulk rock are strongly affected by
suspended crystals and are therefore nearly parallel to those of the latter (Figs. 2 and
4). For an incompatible trace element (e.g., D = 0.1), the evolution paths of the bulk
rock become similar to those of the liquid (Figs. 3 and 5). The results of simple frac-
tional crystallization (r, = 7, = », = 0) in the case of zoned crystals suspended in the
liquid are compared with the results for homogeneous crystals (Figs. 2a and b; see also
Nishimura, 2009). The homogenization (equilibration) of suspended crystals suppresses
the depletion of compatible elements in liquid more effectively than in the zoned-crystal
case. The compatible trace element concentrations of liquid, total suspended crystals,
and whole rock decrease continuously with decreasing F,, (Fig. 2a, b). When assimila-
tion occurs and 7, + 7; - », < 1, the compatible trace element concentrations of liquid,
total suspended crystals, and whole rock reach a compositional steady state (Fig. 2 c-h).
In contrast, incompatible trace element concentrations never reach a steady state re-
gardless of whether assimilation occurs (Fig. 3). When », + 7, — », > 1 and assimila-
tion does occur, both compatible and incompatible elements attain a steady state (Figs.
4 and 5). In the case of no recharge and no extraction (Fig.2c, d), the evolution paths
of liquid, total suspended crystals, and whole rock are identical to those obtained from
the revised AFC (AIFC) model (Nishimura, 2012).

The addition of magma recharge affects the steady state concentrations of liquid, to-
tal suspended crystals, and whole rock (Fig. 2 e and f), whereas magma extraction does
not (Fig. 2 g and h, Fig. 3 g and h). The value of D” for tholeiitic-type basaltic magma
may be much less than 1 unless plagioclase is the main crystallizing phase, in which
case the value of D for silicic magma may be much larger than 1 because Sr enters
sodic plagioclase and/or sanidine. The modeling results of ¥Sr/®Sr variations for cases
with D” = 0.1 and D” = 10 are shown in Figs. 4 and 5 to emphasize the difference
between the trajectories for incompatible and compatible elements. The initial magma
was assumed to have Sr = 400 ppm and ¥Sr/*Sr = 0.7030; the assimilant (anatectic
wall-rock melt) was assumed to have Sr = 100 ppm and ¥Sr/%Sr = .7200. These values
are identical to those in fig. 3 of DePaolo (1981).

When D” = 10 and crystals are zoned, the ¥Sr/%Sr paths of whole rock are close to
those of total suspended crystals (left panels in Figs. 6 and 8), whereas when D =01
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and crystals are zoned, the *Sr/¥Sr paths of whole rock become almost identical to
those of liquid or crystal rims (left panels in Figs. 7 and 9). When homogeneous crys-
tals are grown under equilibrium conditions, the ¥Sr/*Sr paths of whole rock, liquid,
and suspended crystals are identical (right panels in Figs. 6 -9). For both homoge-
neous and zoned crystal cases, and for », + 7, - », <1, the ¥Sr/¥Sr ratios of liquid (or
crystal rims), total suspended crystals, and whole rock reach steady states only when
D7 is large (Figs. 6 and 7). For », + 7, - », > 1, the ¥Sr/®Sr ratios of liquid (or crystal
rim), total suspended crystals, and whole rock reach steady states regardless of the D¥
value (Figs. 8 and 9).

The steady-state trace element concentrations and isotopic ratios of magma with ho-

mogeneous crystals for », + 7, -7, # 1 can be expressed as

D=10,r+r-r,<1

Zoned crystal (Nishimura 2019) Homogeneous crystal (this study)
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Fig. 2 : Evolution of trace element concentrations in liquid, total suspended crystals, and
magma (whole rock) for the cases of zoned (left panels) and homogeneous (right panels)
crystals when D = 10 and 7, + 7; - », < 1. Each concentration is normalized to the initial
concentration in the magma, C,’. Trajectories are shown for ¢ =02, C/C,’ =025, r,= 0.2
and different values of 7, and 7, (see Table 1 for descriptions of the parameters).
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D=01,r+r-r<1
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Fig. 3 : As for Fig. 2, but for D = 0.1.
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D=10,r+r-r,>1
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As for Fig. 2, but for », + 7, -7, > 1.
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D=01,r+r-r>1
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Fig.5 : As for Fig. 2, butfor D=0l and 7, + , -, > 1.
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D=10,r+r-r,<1
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Fig. 6 : Evolution of the ¥Sr/**Sr isotope ratio of liquid, crystal rims, total suspended crystals, and
magma (whole rock) for the cases of zoned crystals (left panels) and homogeneous crystals (right panels)
when D =10 and 7, + 7, - r, < L. Trajectories are shown for ¢ =02, C,/C,’ = 025, 7, = 0.2, and

differing values of 7, and 7, (see Table 1 for descriptions of the parameters).
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Fig. 7 : As for Fig. 6, but for D = 0.1.
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D=10,r+r-r,>1
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Fig. 8 : As for Fig. 6, but for », + 7, - 7, > 1.
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Fig. 9 : As for Fig. 6, but for D =01 and », + r, - 7, > 1.
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Cn ~j/k, (19)
and
Cn =1/j. (20)

In the case that », + , - », < 1 and D is large, £ (Eq. 11) may have a negative value. In
this case, F), *in Egs. (6)-(9) and F,, *in Egs. (8) and (9) show rapid reductions with
decreasing F,, and the steady state compositions are described by Egs. (19) and (20).
When 7, + 7, - », > 1, then £ may have a positive value regardless of D, and F,, increas-
es as the process advances. In this case, F,, * shows a rapid reduction with increasing
F,

and (20), which can also be expressed as

and the steady state compositions become identical to those described by Egs. (19)

(raca + riCi)(‘;bD +1-— ¢)

m Y Gt D@D+ 1-p) + D’ (21)
and
_Talagq +1iCig
&m & TaCa + TiCi ’ (22)

These steady state trace element and isotopic compositions are derived for the cases of
both homogeneous and zoned crystals (Nishimura, 2019). The two end-member models
(i.e., the models of this study and of Nishimura, 2019) provide upper and lower limits for
the compositional variations caused by various degrees of solid-state equilibration

during open-system magma chamber processes.
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